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$\ldots$ , $F_{r}$ $K$ $K[x, y, \ldots, z]$ $F_{1},$ $\ldots$ , $F_{r}$
$\langle F_{1},$
$\ldots,$
$F_{r}\rangle$ $\{A_{1}F_{1}+\cdots+A_{r}F_{r}|\forall A_{i}\in K[x, y, \ldots, z]\}$
$a_{1}F_{1}+\cdots+a_{r}F_{r}=\delta F,$ $\Vert\delta F\Vert=\epsilon\max\{\Vert a_{1}F_{1}\Vert, \ldots, \Vert a_{r}F_{r}\Vert\}$
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$P,$ $Q$ $\Vert P\Vert$ $P$ : (
) $P$ ( ) $supp(P)$
$\Phi$ ( )
LT $(\Phi)$ $P$ $Q$ $S$ Spol$(P, Q)$ $P$ $Q$
Lred$(P, Q)$ $Parrow^{Q}$ $Parrow^{Q}\overline{P}$ $\overline{P}$ $Q$




$\Phi=\{F_{1}, \ldots, F_{r}\}\subset F[x]$
$\epsilon_{init}$





$b_{1}F_{1}+\cdots+b_{r}F_{r}=0$ $(b_{1}, \ldots, b_{r})$
$P$ $(A_{1}, \ldots, A_{r})$
$\Vert P\Vert<\epsilon_{app}\max\{\Vert A_{1}F_{1}\Vert, \ldots, \Vert A_{r}F_{r}\Vert\}$ , $\epsilon_{init}\leq\epsilon_{app}\ll 1$ , $P$ $\epsilon_{app}$
$P=0$ (tol $\epsilon_{app}$ ) ( 1
) [7]













2( ) $\Phi=\{F_{1}, \cdots , F_{r}\}\subset F[X]$ $\epsilon_{iit}n$





(1) $\{F_{1},$ $\cdots,$ $F_{r};\epsilon_{iit}n\rangle=\langle G_{1},$ $\cdots,$ $G_{s};\epsilon_{iit\rangle\text{ }}n$
$\Gamma$
(2) $S_{P^{O}}1(G_{i}, G_{j})\cdot\cdotarrow 0$ (tol $\epsilon_{app}$ ) $(\forall i\neq j)_{0}$ $\square$
3
$\Phi=\{F_{1}, \cdots, F_{n}\}$ $\Phi$ variety$(\Phi)$
$\{F_{1}=0, \cdots, F_{n}=0\}$ $\langle\Phi\rangle$




Stepl: Compute a Gr\"obner basis $\Gamma$ of $\Phi$
w.r. $t$ . the total-degree order;
Step2: Return dimension of variety(LT$(\Gamma)$ ).






$\Phi=\{F_{1}, \cdots, F_{n}\}$ , $\Vert F_{1}\Vert=\cdots=\Vert F_{n}\Vert=1$ . (3.1)
3( ) $\epsilon$ $\delta F_{1},$ $\ldots,$ $\delta F_{n}$ $\epsilon$
$\Phi$ $\delta F_{1},$
$\ldots,$
$\delta F_{n}$ $\Phi_{\epsilon}$ :
$\Phi_{e}=\{F_{1}+\delta F_{1}, \cdots, F_{n}+\delta F_{n}\}$ , $\max\{\Vert\delta F_{1}\Vert, \cdots, \Vert\delta F_{n}\Vert\}=\epsilon$ . (3.2)




2) $\Phi$ $\epsilon$ $\Phi_{\epsilon}$ ?
1 $\Phi^{l}=\{F_{2}, \cdots, F_{n}\}$ $A_{1}F_{1}+A_{2}F_{2}+\cdots+A_{n}F_{n}=0$ $A_{1}\neq 0$
variety$(\Phi)=$ variety $(\Phi’)\backslash$ variety $(\{A_{1}, F_{2}, \cdots, F_{n}\})$ . (3.3)
variety $(\Phi$’$)=$ variety$(\{A_{1}F_{1}+\cdots+A_{n}F_{n}, F_{2}, \cdot\cdot\cdot, F_{n}\})$







$\rceil$ ( 1) $\{\Phi\rangle$ $\epsilon$
$\epsilon$ $\epsilon$







$\dim$(variety $(\Phi_{\epsilon})$ ) $=\dim$(variety $(\Phi)$ )
11
1( 1 ) $\Phi$
$\Phi=\{\begin{array}{l}F_{1}:=y(1xy-30001/10000y)/3,F_{2}:=z(2xz-9999/10000z)/2,F_{3}:=yz((1xy-3y)-(2xz-z))/3.\end{array}$
$\Phi$ ( ) $\{G_{1}=xy^{2}-30001/10000y^{2},$ $G_{2}=$
$xz^{2}-9999/20000z^{2},$ $G_{4}=yz^{2},$ $G_{5}=y^{2}z\}$ variety$(\Phi)=$
$\{(\forall a, 0,0)\}\cup\{(30001/10000, \forall a, 0)\}\cup\{(9999/20000,0, \forall a)\}$ , with $a\in \mathbb{C}$ ,




$\Phi_{\epsilon}$ ( ) $\{G_{1}’=xy^{2}-3y^{2},$ $G_{2}’=$
$xz^{2}-z^{2}/2,$ $G_{4}’=y^{2}z^{2}\}$ variety$(\Phi_{\epsilon})=\{(\forall a, 0,0)\}\cup\{(3, \forall a, 0)\}\cup\{(1/2,0, \forall a)\}$ ,
with $a\in \mathbb{C}$ , $D=D_{\epsilon}=1$
$\Phi=\{F_{1}, \ldots, F_{n}\}$ $\Phi_{\epsilon}=\{F_{1}+\delta f^{7_{1}}, \cdots, F_{n}+\delta F_{n}\}$
$R:A_{1}F_{1}+\cdots+A_{n}F_{n}=\delta F$, $\Vert\delta F\Vert/\max\{\Vert A_{1}\Vert, \cdots, \Vert A_{n}\Vert\}=\epsilon$ , (3.4)
$A_{i}(i=1, \ldots, n)$ $U_{i,1},$ $\ldots$ , $U_{i,m_{i}}$
$A_{i}=a_{i,1}U_{i,1}+\cdots+a_{i,m_{i}}U_{i,m_{i}}$
$\bigcup_{i=1}^{r}[\bigcup_{j=1}^{m_{*}}supp(U_{i,j}F_{i})]=\{T_{1},T_{2}, \cdots,T_{\overline{n}}\}$ , $T_{1}\succ T_{2}\succ\cdots\succ T_{\overline{n}}$, (3.5)
$T_{2},$ $\cdots$ , Trq






$\ldots$ , ni) $\delta F_{i}$
$\delta F_{i}=d_{i,1}T_{i,1}+d_{i,2}T_{i,2}+\cdots+d_{i,n_{i}}T_{i,n_{i}}$ , $i\in\{1, \cdots, n\}$ , (3.7)
$\delta F_{1},$
$\ldots,$
$\delta F_{n}$ $A_{i}(F_{1}+\delta F_{1})+\cdots+A_{n}(F_{n}+\delta F_{n})=0$




$\delta F_{n}$ $\delta F_{i}$
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4
$l$ $=n$ $\dim(variety(\Phi))=0$ $n$ $n$
4.1
1 :
: ( : $\mathbb{C}$ $F$ )
Wilkinson :









$(x$ $)$ $=(\hat{x}_{1}, \ldots, x_{n}$ $)$ $(x)$ $($ $x)$ $\delta$- ( $\delta$ ) :
$x_{i}=x_{i}$ $+\delta_{i},$ $\delta_{i}=O(\delta)(i=1, \ldots, n)$ $F_{i}(x+\delta)$ $x$ Taylor $\circ$
$F_{i}(x$ $)=0=F_{i}(x+\delta)=F_{i}(x)+\partial F_{i}/\partial x_{1}\delta_{1}+\cdots+\partial F_{i}/\partial x_{n}\delta_{n}+O(\delta^{2})$ . (4.1)
$F_{i}(x+\delta)=0(i=1, \ldots, n)$ $O(\delta^{2})$- $\delta_{1},$
$\ldots,$
$\delta_{n}$
$(\begin{array}{l}\delta_{1}\vdots\delta_{n}\end{array})$ $\approx-J(x)^{-1}(\begin{array}{l}F_{1}(x)\vdots F_{n}(x)\end{array})$ , where $J(x)=(\begin{array}{lll}\partial F_{1}/\partial x_{1} \cdots \partial F_{1}/\partial x_{n}\vdots . \vdots\partial F_{n}/\partial x_{1} \cdots \partial F_{n}/\partial x_{n}\end{array})$ , (4.2)
$(x$ $)$ $F_{i}(x)=f_{i}(x_{1}$ $-\delta_{1})^{\mu_{1}}\cdots(x_{n}$$-\delta_{n})^{\mu_{n}}+O(\delta^{2})(f_{i}\in \mathbb{C}$ $\mu_{1},$ $\ldots,$ $\mu_{n}$
2 ) $i$ $J(x)$
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$i$ $(\hat{x})$ $(\delta)$ $J(x)$
$J(x)$
2 $\Phi=\{F_{1}, F_{2}\}$
$A_{1}F_{1}+A_{2}F_{2}=\delta F,$ $\Vert\delta F\Vert\ll\max\{\Vert A_{1}\Vert, \Vert A_{2}\Vert\}$ , $F_{1}$ GCD





$A_{1}(F_{1}+\delta F_{1})+\cdots+A_{n}(F_{n}+\delta F_{n})=0$. (4.3)
2 $J(x)$ (4.3) $A_{i}(x)\neq 0(i\in\{1, \ldots , n\})$
$(x)$
(4.3) $i\in\{1, \cdots, n\}$
$A_{1} \frac{\partial F_{1}}{\partial x_{i}}+\cdots+A_{n}\frac{\partial F_{n}}{\partial x_{i}}=-(F_{1}\frac{\partial A_{1}}{\partial x_{i}}+\cdots+F_{n}\frac{\partial A_{n}}{\partial x_{i}})-\frac{\partial(A_{1}\delta F_{1}+\cdots+A_{n}\delta F_{n})}{\partial x_{i}}$ .
variety $(\Phi_{\epsilon})$ $(z)$ $i\in\{1, \cdots, n\}$ $F_{i}(z)+$
$\delta F_{i}(z)=0$ $|F_{i}(z)|=O(\epsilon)$















$G_{1}$ : $[$2.0530 $\cdots,$ $9.7043\cdots,$ $-10.242\cdots$ , 19798.4 $\cdots]$ .
$G_{1}’$ : $[2.0219 \cdots, 9.4205\cdots, -10.447\cdots]$ ,
$G_{1}’’$ : $[2.0224\cdots, 9.1390\cdots, -10.659\cdots, -20101.4\cdots]$ .
( $\Phi’$ )
1: $F_{1},$ $F_{2}$ ( $x$ $y$ )
$-30$ $-20$ $-10$ $0$ 10 20 30 2, $-20$ $-15$ $-10$ $-0$ , 00
la $(-30\leq x, y\leq 30)$ lb $(-2.5\leq x\leq 0)$
$F_{1}$ $F_{2}$ la $-30\leq x,$ $y\leq 30$
lb $-2.5\leq x\leq 0$ $0\leq y\leq 1000$














$\Phi=\{F_{1}, \cdots, F_{i}, \cdots, F_{n}\}\Rightarrow\Phi’=\{F_{1}, \cdots, \delta F, \cdots, F_{n}\}$. (4.7)
4 variety $(\Phi)\subseteq$ variety $(\Phi’)$
variety$(\Phi’)=$ variety$(\{F_{1}, \cdots, A_{1}F_{1}+\cdots+A_{n}F_{n}, \cdots, F_{n}\})$
$=$ variety $(\{F_{1}, \cdots, A_{i}F_{i}, \cdots, F_{n}\})=$ variety $(\Phi)\cup$ variety $(\{F_{1}, \cdots, A_{i}, \cdots, F_{n}\})$
2
3 $A_{i}$ $\Phi’$ “ ” $\mathscr{Y}$ $\Phi$
“ ” $\Phi’$
$A_{1}’F_{1}+\cdots+A_{n}’F_{n}=\delta F’,$ $A_{j}’\neq 0$
$F_{i}$ F $\delta F$ $\delta F’$ $\square$














4 $\sim$ 5 (
2 ) 3 $\sim$ 4
3 $\Phi=\{F_{1}=0, F_{2}=0, F_{3}=0\}$ (8 )
$\{\begin{array}{l}F_{1} = (2y+x-z)*(z^{2}+y^{2}+x^{2}- 1003/1000 ),F_{2} = (2x+z-y)*(z^{2}+y^{2}+x^{2}-1002/1000),F_{3} = (2z+y-x)*(z^{2}+y^{2}+x^{2}-1001/1000).\end{array}$ (4.8)
$(z, y, x)=(0,0,0)$ 6
$1_{+}=(0.16928\cdots, -0.84642\cdots, -0.50785\cdots)$ , $1_{-=}$ $1_{+}$ ,
$2_{+}=$ $($0.50759 $\cdots,$ $-0.16919\cdots$ , 0.84599 $\cdots)$ , $2_{-=}$ $2_{+}$ , (4.9)
$3_{+}=$ $($0.84557 $\cdots$ , 0.50734 $\cdots,$ $-0.16911\cdots)$ , $3_{-=}$ $3_{+}$ .
$\Phi_{1}=\{F_{23}=0, F_{2}=0, F_{3}=0\},$ $\Phi_{2}=\{F_{1}=0, F_{31}=0, F_{3}=0\},$ $\Phi_{3}=\{F_{1}=0, F_{2}=0, F_{12}=0\}$
$F_{12}$ , $F_{23},$ $F_{31}$
$F_{12}$ $=$ 1000 $((2x+z-y)*F_{1}-(2y+x-z)*F_{2})$ ,
$F_{23}$ $=$ 1000 $((2z+y-x)*F_{2}-(2x+z-y)*F_{3})$ , (4.10)
$F_{31}$ $=$ 1000 $((2y+x-z)*F_{3}-(2z+y-x)*F_{1})$ .
$\Phi$ $\Phi_{1},$ $\Phi_{2},$ $\Phi_{3}$ 2
$\epsilon=0.001$
$($% $)$







4 $\Phi=\{F_{1}=0, F_{2}=0, F_{3}=0\}$
$\{\begin{array}{l}F_{1} = (z^{2}+2y+z)*(y^{2}+x^{2}-y+x-3)-(y-z)/1000,F_{2} = (z^{2}+2x+z)*(y^{2}+x^{2}-y+x-3)-(z-x)/1000,F_{3} = (z^{2}+2y-x)*(y^{2}+x^{2}-y+x-3)-(x+y)/1000.\end{array}$ (4.11)
$(0,0,0)$ 7 ( ) $y^{2}+x^{2}-y+x-3$
1 $0.016$ 5 $-1.01$ $\pm 0.001$
$0+=$ $($0.0, 2.30291 $\cdots,$ $0.0)$ , $0_{-=}(0.0, -1.30291\cdots, 0.0)$ ,
$1=$ $( 1.12415 \cdots, -1.26820\cdots, -1.12415\cdots)$ ,
$2=$ $(-1.12128\cdots, -0.43300\cdots, 1.12128 \cdots)$ , (4.12)
$3=$ $(-1.95758\cdots, -1.27737\cdots, 0.08303 \cdots)$ ,
$4=(0.79717\cdots, -0.21182\cdots, -2.22982\cdots)$ ,
$5=(0.99802\cdots, -0.99605\cdots, -0.99802\cdots)$ .
$F_{12},$ $F_{23},$ $F_{31}$ 3 $\Phi$ 6
$\Phi_{1}$ : $\{F_{23}=0, F_{2}=0, F_{3}=0\}$ , $\Phi_{2}$ : $\{F_{1}=0, F_{31}=0, F_{3}=0\}$ , $\Phi_{3}$ : $\{F_{1}=0, F_{2}=0, F_{12}=0\}$ ,
$\Phi_{4}:\{F_{1}=0, F_{12}=0, F_{31}=0\}$ , $\Phi_{5}:\{F_{12}=0, F_{2}=0, F_{23}=0\}$ , $\Phi_{6}:\{F_{31}=0, F_{23}=0, F_{3}=0\}$ .
$\Phi$ $\Phi_{1}\sim\Phi_{6}$ 5
$\epsilon=0.001$ $($% $)$
$\Phi$ 10000 200 $0$ o$+$ 0-
nonS nonC
“ ”
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